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Abstract. We consider the size of large character sums, proving new lower bounds for 
the quantity A{N,q) = sup^^^^^ ^^^^ ^ Sn<A' x('^) for almost all ranges of N. Our re- 
sults improve those of Granville and Soimdararajan Q, and are are typically stronger than 
corresponding bounds known for real character sums. The results are proven using the 
resonance method and saddle point analysis. 



1. Introduction 

In |'2j Granville and Soundararajan have made an extensive study of large character 
sums. Varying the Dirichlet character x among non-trivial characters to a large modulus 
q they establish (among other results) new lower bounds for the quantity 



(1) 



A(A^, q) = sup 

Xt^XO mod q 



n<N 



n] 



varying D among squarefree numbers q < \D\ < 2q they also consider large values of real 
character sums, giving lower bounds for the quantit}|3 



sup 

q<\D\<2q 



(2) A^{N,q) 
In both cases their results have been the best known for essentially all ranges of A^. 



n<N ^ 



Omega results of these types are interesting because even assuming powerful (conjec- 
tural) analytic tools like the Generalized Riemann Hypothesis and bounds derived from 
Random Matrix Theory for the associated L-functions, the upper bounds that are avail- 
able for character sums are not clearly sharp for many ranges of A^. Polya and Vinogradov 
proved the classical unconditional bound 



n<N 



< y/q\ogq 



and Montgomery and Vaughan 1*51 improved this to ^ y/q log log q under assumption of 
the GRH for L{s, x)- This bound is sharp up to constants, because Paley L6J proved that 
there exist quadratic characters with character sum of size ^ y/q log log q, and Granville 
and Soundararajan have shown the same result for non-quadratic characters in [31. Nonethe- 
less, if we believe in roughly square root cancellation in long character sums, then the 



1/-D 



— ) is the Legendre symbol. 
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GRH bound appears good only if is of size ^ Recently Farmer, Gonek and Hughes 
fill have conjectured that 



(3) 



<exp ( (l + o(l))-^/-log(g+ |t|)loglog(g+ 



on the basis of a calculation involving large unitary random matrices. This would lead to 
a bound for smoothed character sums of 



exp ^(1 + o(l))y^logglogloggj 



> e C,°"(M+), 



improving the GRH bound for < If the bound © is true then we might speculate 
that for N a power of g, = g^, < 6* < 1 that the resulting bound for X] is 
nearly sharp; one reason for this belief is that in our Theorem II ■6[ below, we demonstrate 
that for any such g, there are many non-principal x modulo q for which 



n<N 



n] 



> v^exp (l + o(l))J(l 



log2g 



When A^ < exp (-\/2 log g log logg) even the random matrix bound is trivial. One insight 
into large character sums for such small A^ is available through a conjecture of Granville 
and Soundararajan. For arithmetic function /, write as in ||3 

n<x 
p\n=>p<.y 

for the summatory function of / restricted to numbers having their largest prime factor at 
most y, and also set \l'(x, y) := \l'(x, y; 1) for the number of such 'y-smooth numbers' less 
than X. Granville and Soundararajan have proposed the following conjecture. 

Conjecture 1.1 (||3 Conjecture 1). There exists a constant A > such that 

J2 Xin) = ^{N, y- x) + o{^{N, y; Xo)) 

n<N 

for y = (log g + log^ A^) log^ g. 



In particular, this conjecture implies the upper bound 



(4) 



n<N 



< ^{N, (logg + log^ N) log2 g). 



Note that in the range log A^ > ^/logg where the log^ A^ term dominates, "^{N, log^ A^) is of 
size y/N exp( which is already much larger than the random matrix bound if A^ is a 

small power of g; there is not wide-spread consensus, however, regarding the conjectured 
bound dl]), and so it is plausible that even this larger bound for character sums is near the 
truth. When log A^ < A/log g, by modifying an argument of Granville and Soundararajan 
(their Theorem 2) one can showQ that the upper bound dU) with, say, A = 3 follows from 



Although we do not do so here. 
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Conversely, in our Theorem II .21 we establish that if q is prime and log = (logg) 2 
then there is non-principal character x modulo q with 



n<N 



>^(iV,logglog^-°^') q); 



thus if Conjecture [LT] is to hold, one must take A> 1. 

There is some heuristic reason to think that the constant A = 1 may be the right one: 
given roughly q characters modulo q, we might expect that the first logg values of xip) 
may be correlated towards 1 for some character x, which would produce a positive bias 
on the log q logg g-smooth numbers. We should point out, however, that our argument 
in Theorem 11.21 does not condition the first log q primes, but rather finds a smaller bias 
among many primes that are larger than log q logg q. Thus there may be reason to believe 
that the large values of J2n<N x(^) ^^'^ even larger than \&(iV, log q logg q). 



1.1. Discussion of previous work. Surprisingly, the methods used in [2] in treating gen- 
eral characters and real characters are not at all related; the lower bounds for A(A^, q) 
are produced by taking high moments of the character sum^ while for Ak(A^, q) the ar- 
gument appeals to quadratic reciprocity and Dirichlet's theorem on primes in arithmetic 

progressions to first restrict to prime \D\ for which ^-^j = 1 for all small p ^ logg. This 

produces a large positive bias in the sum coming from the smooth numbers that have all 
of their prime factors less than log g. 

When is relatively small compared to g, in the range log < i/log g, the two methods 
perform roughly equally although the results for real characters are slightly stronger. For 
larger this difference becomes more pronounced, essentially because the first method is 
most effective when the moment taken is quite large. Note, however, that the two meth- 
ods are not directly comparable in [2J because the results for large real character sums are 
produced for conductors D that are prime, whereas the results for general characters are 
stated primarily for the worst case when g is the product of many distinct small primes; 
when the conductor g of a character sum is highly composite in this way it greatly re- 
duces the size of the large character sums. To give a trivial example, it may transpire that 
A(g, log g) = since it is possible that for all n < log g, (n, g) > 1. 

In this paper we adapt the 'resonance method' introduced by Soundararajan in |[7| to 
prove new bounds for A(A^, g). We consider separately the bounds that this obtains for 
g prime and for any g. For general g we improve the bounds for A(A^, g) in [21 for all A^ 
larger than a fixed power of log g. For prime g our bounds are stronger than those obtained 
in |[2i for Ar{N, q) for all A^ in the range exp((loglogg)^) ^ A^ ^ gexp(— (loglogg)^); out- 
side this range the bounds given by [2J were already (at least conjecturally) best possible. 
Moreover, for large N, exp(-\/log g) < A^ < g^^^ our improvements over the previous 
bounds are substantial. 



■^Essentially the 2fcth moment where k = [ J • 
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We will describe our results in greater detail in the next section, but we first pause to 
explain the resonance method in brief, and its conceptual advantage over the two meth- 
ods previously developed in [2J; there is a sense in which this method generalizes each of 
the earlier approaches. The starting point is the simple inequality 



(5) 



WiXi + ... + WnXn ^ r , 

min{a;i, x„| < < maxjxi, 



Wi + ... + Wn 

which is valid for any non-negative weights wi, ty„ with some 7^ 0. In the resonance 
method for character sums, the indices are characters, the variables = Yl,n<N x(^) or 
Yl,n<N xi^) character sums, and the weights are (squared norms of) Dirichlet 



X 



polynomials: 



Yr{n)xin] 



n<x 



X < 



N' 



Here the coefficients r{n) are fixed, non-negative, and multiplicative, and are chosen so 
as to maximize the ratio in ((S)). When is small, a good (but not optimal) choice for the 
weight is 



fc-i 



\n<N 



and with this choice of weights, the resonance method is seen to contain the first method 
of 13. On the other hand, we are free to choose a weight of the form 



which has the effect of placing much more emphasis on those x for which xip) ~ 1 for 
many small primes. Thus the resonance method can be tnterpretted as taking a condi- 
tional expectation of character sums with optimal conditioning, which, at least philo- 
sophically, extends the second method of |I3. 



1.2. Precise statement of results. Our lower bounds for A(A^, q) come in three forms: we 
give lower bounds for A(A^, q) that hold when q is prime, and for any q. When q is prime 
we also consider the dual problem of 'long' character sums, and give lower bounds for 
A{-^,q). Recall that the Erdos-Kac Theorem says that a 'typical' number of size x has 
~ log log X distinct prime factors; our lower bounds for A{N,q), q prime in fact apply 
equally well if q is typical, and even if q has log^"" q prime factors, but we restrict to the 
case that q is prime to ease the exposition. For the dual problem we rely on a 'Fourier 
expansion' of character sums, due to Polya, that is only valid for primitive x) in this case 
the restriction to prime q seems to be necessary to the method. 

In our first two theorems we consider the range log < y/log q. 
Theorem 1.2. Let qbe a large prime and let log < i/logg and define functions 
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Leta>l solve \ogN = %'lV G{ay. Then 



A(iV,g)>vl/(iV,(l + o(l))/t((T)logg). 



Let a' > i solve hgN = ^^^^Gfa')"'- Then 

z 2''"" (1— it') ^ ' 

A(|, q) » il + o{l)Ma') hgq). 

Furthermore, if log < logg g logg ^° q then 

A/Ar ^ log log g ^(iV,logg) 
A{N,q) > n^^F^ N ■ 

°§ \ log log q J 

The function K,{a) is decreasing on (|, 1). It satisfies linio— s.i ft(cr) = ^ and ft(cr) ~ ^^^g as 

We can deduce the following corollary. 
Corollary 1.3. Suppose log N = (logg)"*^^). Then 

A{N,q) > $(iV, (47 + 0(1)) log g), 4t = 0.3982965... 

If^<a<l is fixed and logN = (logg)'^"'^ then 

A{N,q) >^{N,{K{a) + o{l))\ogq). 
Finally, if instead logN = A/loggexp(— (log2 q)"^^^) then 

A(iV,g)>vl/(iV,logglog^-"«g). 



For q prime, in 12 Theorem 3 the bound A(A^, q) > '^{N, log q) was proved for log < 

j^p-^. In this range we have "^{N, log q) ~ "^{N, ^ log q) and so our theorem extends this 

result to log < i/log q. A more direct comparison is to [2] Theorem 9, where in the range 
log < i/logg they prove give a bound for real characters of 

A^{N,q)>^{N,^logq). 

In the range logA^ = (logg)"*^^-* the bound from Theorem 11.21 is already superior, and as 

log A^ increases, the ratio in the number of smooth numbers taken, tends to oo. 

3 log g 

Regarding the dual statement, [2J Theorem 8 previously gave the bound 



max max 

t<^ x¥=XO mod q 



n<t 



N \ "(logj?) 
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our theorem thus removes the need for a second maximum over t, and improves the 
bound. The gain over the previous result for real characters (t2j Theorem 11) is compara- 
ble to the improvement for A(A^, g). 



We next state our result for general moduli g. 
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Theorem 1.4. Let q be any large integer and let N he such that log^ q < N < exp(-\/log q) for 
a sufficiently large fixed constant B. In the range log < log2 q logg q, there exists a parameter 
1] = 1]{N, g) = (1 + o(l)) log2 q such that, 



(log AT) KJ V 72 + 0(1)7 ' r] + llog^q 

In the wider range log > logg q logg q, set log A^ = (log qY"". We have 

This theorem should be compared with Theorem 4; for all A^ larger than a fixed power 
of log q we obtain an improvement which is at least exponential in u; as log A^ increases to 
i/log q the improvement is larger than any fixed exponential in u. 

Next we consider the range log log A^ = (| + o(l)) log log q. 

Theorem 1.5. Let q he any large integer and let \ogN = rA/logglogg q with r = (logg q)'^^^\ 
Define A and t' hy solving 

„ doc I f doc 

e ^— , r = / e ^ — . 

A X Ja X 

Then 

\ogq 



A{N, q) > VN exp |^(1 + o(l))A(r + r 
Jfg is prime then instead define A and t' hy 

With this new definition we have 



log2g 



e " — , T= e " — . 



Note that as r — > oo, -> and Ar' — )■ 1. Meanwhile, as r — )■ 0, A — )■ oo and r ~ 

r' ~ This theorem should be compared to ||2]] Theorems 5 and 8; a direct comparison 
is difficult because their statement is not explicit, but asymptotically our result is stronger 

as r — )■ and r — > oo. 

Finally we consider longer character sums. 



Theorem 1.6. Let q he a large integer and let 4iy/logglog2 glogg g < log A^ and N = q^ with 
9 <l-e. Then 

'{1 -0) \og q 



A(A^,g) > VA^exp (1 + o(l))- 



If in addition q is prime then 



A(^.«)>>/¥-P (1 + 0(1)). '(1-""°^' 



These bounds are substantially larger than those proved in |l2l Theorems 6, 7, and 8 for 
A(A^, q) in the corresponding range. The improvement is most noticeable when N = q^ 
is a power of q; for this range [2J Theorem 7 gives only A(A^, q) > ^/N{logq)^^^'^^ . Our 
bound is also larger than the one for real characters in [21 Theorem 10: 

AM(iV,g) > v^exp ( (l + o{l))^{^ 



2. The basic propositions and outline of proofs 

The basic proposition of the resonance method is the following. 

Proposition 2.1 (Fundamental Proposition). Let N < y/q and x = Let r{n) he a com- 
pletely multiplicative function satisfying r{p) > and p\q ^ r{p) = 0. Set 

(6) B_EZ^r{n)^ 



Then 

A(iV,g)>0(l) + -i J]rH. 

n<N 

Furthermore, let M be minimal such that Xlp<M^°SP > ^ogq; the bound remains valid if the 
restriction p\q =^ r{p) = is replaced with p < M ^ r{p) = 0. 

Remark. The following proof will show (essentially) that 



A{N,q)>J2 



r[n) 

n<N 



for all non-negative multiplicative functions r. In practice we will apply Proposition 12.11 
with B = 1 + o(l) as g — 7- oo so that we aim to solve the optimization problem 

(7) Maximize: r(n) 

n<N 

(8) Subject to: J] r{nY = (1 + o(l)) ^ r{nf 



Here the constraint condition ((8]) is closely related to the condition at primes 
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via the saddle point method. If we assume that the optimal choice for r in dZj) satisfies 

J2n<N ^(^) ^ then J2n<^ '^('^) ~ [^) ■ Thi^s maximization of O with respect to © 
via Lagrange multipliers leads to the heuristic solution 



(l-r(p)2)2 / ' 
which guides our choice of resonator functions. 

One might reasonably wonder whether the imposed condition B = 1 + o(l) is super- 
fluous; we could instead suppose that X]n<x^('^)^ ~ Then X]n<^ r(n)2 = so that 
we would instead obtain the optimization problem 

Maximize: 



r[n)n 

n<N 



Subject to: ^ 



n<x 



Replacing r with f (n) = this is is subsumed in the previous optimization problem. 
Proof. Define 'resonator' R{x) = Z]n<x Plainly 

By orthogonality of characters, the denominator is 'Yl,n<x ^(^)^- Meanwhile the numerator 
is 

n<x 



> 



i5^r(n)-0(l)Wr(n)^ 

n<N / n<x 



B 

which proves the first statement in the proposition. 

To prove the second statement, let r be any non-negative completely multiplicative 
function supported on primes larger than M, and set B = ^^"J''"(„)2 • Enumerate 

{p> M : p\q} = {qi, {p < M : pf g} = {pi, ...,^5}- 

Note that S > R. Now swapping the values r{pi), ...,r{pji) with r(gi), ...,r(g/j) we de- 
fine a new completely multiplicative function f. Obviously f is supported on primes not 
dividing q, and also 

n n ri<- n<- 

— n — n 

f(n) > r{n) 

n<N n<N 



The first part of the proposition applied to r thus gives 

A(iV,g)>0(l) + -^5^r(n). 



n<N 



□ 



For primitive characters x Polya proved the Fourier expansiori0 (see [5 J Lemma 1) 



(9) 



n<-2- 



\h\<H 



Choose if = v^logg and define S{x) = E\h\<H ^(1 - c(^)). If x is even (x(l) = 1) 
this vanishes, but for odd primitive characters x we have 



(10) 



Ex( 

n<Af 



Using this relation we now prove a dual version of our main proposition. 
Proposition 2,2 (Fundamental Proposition, dual version). Let q prime, N < y/q, H 



y/qN log q, X 
function and put 



We have 



2H 



and N' < H a parameter. Let r be a non-negative completely multiplicative 



Bn' 



" U<n<Af' ' 

Specializing to N' = N/2 we obtain 

A(-^,q) > ^J—\"nr(n) + OUI^). 



n<N 



Proof. Define, as before, 'resonator' R{x) = :^7=x J2n<x '"(^)x(^)- Then 

' X I X 

The denominator is En<x '^{'^Y- Since a; = the sum in the numerator is 

^ (l-c(A)) , w , r(/.)(l-c(A)) 

2^ 1 2^ r(ni)r(n2) = 2^ 7 ^r{n) . 



Q+\h\<H 



n\,n2<x 
n\h=n2 mod q 



0<h<H 



— h 



Since all terms in the numerator are positive, we can discard those h > M io obtain the 
result. □ 



We use the notation e{x) = e and c(x) = cos(27ra;). 



2.1. Outline of proofs, and lemmas. After introduction of a 'resonator' multiplicative 
function r(n), the proofs of Theorems ll.2l|L6] proceed in the same three steps. 



A. Let X be the length of the resonator and the length of the sum. We check that 



so that B in Proposition 12. 1 1 may be taken as 1 + o(l). 
B. From the Fundamental Proposition and part A it follows A{N,q) ~ X^„<Ar'^(^)- 
We determine the asymptotic shape of this sum via the Perron integral 



and a saddle point calculation. 
C. We analyze the various implicitly defined parameters that arise in the saddle point 
calculation of part B in order to obtain explicit lower bounds for A(A^, q). 

The bound in the first step (A) is accomplished by an appeal to the following simple 
lemma. 

Lemma 2.3. Let fiin) he a sequence of non-negative, completely multiplicative functions satis- 
fying fi{n) < 1, and let yi ^ oo be a growing sequence of parameters. Define ai = . 
Suppose 



Y.r{nf = {l + o{l))\{{l-T{pf) 



-1 





p 




and 



k logp> 




Z — 7- OO. 



(log log 3/ J 4 



Then 



oo 




n=l 



Proof. By 'Rankin's trick/ 




The logarithm of the ratio between the error term and the main term is 



(11) 
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The logarithm of the infinite product is 

< ai logVi - - — + 0(- — -) +o(l); 

V loglogi/i (log log / 

which proves that the quantity in (|TT]) tends to — oo as i -> oo. □ 

The analysis in the second step (B) closely follows the corresponding analysis of smooth 
numbers contained in [|4j]. We briefly recall this theory and quote the results from it that 
we will need. 

Recall that we set '^{x,y) = i^{n < x : p\n =^ p < y} for the number of y-smooth 
numbers less than x and set also 



p<y 



for the corresponding generating function. Analysis of \E'(x, y) depends on the behavior 
of the logarithm of y) and its first few derivatives, 

ip{s,y) = logC(s,?/), iJj{s,y) = (-1)^— V^(s, y), j = 0,1,2,... 

for s near the saddle point a = a{x,y) > 0, solving ipi (a, y) = log x. The basic result is the 
following. 

Theorem 2.4. Uniformly in the range x > y > 2, we have 

a^/27cilj2{a,y) [ Vogx y 

Proof. This is HI Theorem 1.6. □ 

The first stage in the proof of Theorem 12.41 is to write 

1 ds 
^(a;,!/) = TT- / Cis,y)x'— 

and to truncate the integral at some height T. The following lemma, which we use, is 
essentially the one given in [4J to bound the error from truncation. 

Lemma 2.5. Let f{n) he abounded, non-negative arithmetic function with Dirichlet series F{s) = 
J2'^=i which converges absolutely at s = aQ > 0. Uniformly in x > 2, T > 1, a > and 
< T <T we have 

(T+ir 



n<x Ja-tT 
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where R is bounded by 

i? « 1 + x'^Fia) (t^+ sup + logT^ . 

V T<t<T F{a) J 

Proof. See H Lemma 3.3. □ 

For the purpose of making comparisons in Theorem 11.21 it will be sufficient for us to 
know the asymptotic behavior of log ^{x, y). In this case, the behavior is well understood 
in a wide range of x and y. Set u = and let p{u) denote the Dickman-de Bruijn 
function. 

Theorem 2.6. For any fixed t>Qwe have 

\og{^!{x,y)/x) = {l + 0(exp{-(logu)3/^-^})}logp(u) 
uniformly in the range 

y>2, l<u< 

Proof This is Theorem 1.2. □ 
Theorem 2.7. For u >lwe have 

p{u) = exp |-M (^\ogu + log2(w + 2) - 1 + O (^^^^^^ 

Proof This is H Corollary 2.3. □ 

In particular we have the following simple lemma. 
Lemma 2.8. Let u = as above. When u < ^ and for \k\ <lwe have 

(12) log— -= M logu + log2 u + 2 . 

^{x,y) V logl/ / 

3. Short character sums to prime moduli. Proof of Theorem [TT21 

We dispose of quickly the case of small A^, log < log2 q log3 ^° q for both A(A^, q) and 
A(-^, q). The main work of Theorem ll.2l will then be to consider the range log2 q logs 1 < 
logA^ = o(v/logglog2 q). 

3.1. Case of small A^. When log < log2 q logg q notice that for all n < A^ log q, d{n) <ti 
log2 glogg q. Thus choosing 

ri-(iog,,)- i<P<^_ 

1^ otherwise 

12 



we verify 



and 



^(P)^ / 1 4 1 //log? 



E 7 1/7 I 1 4 V — ■ 



r(p)2 log2 q 



'°g2 g 2 log q 

^ r(p)^V < logg(l - logsg)^ = o(l) 



logp> ^ — 



SO that by Lemma |23l X] < 1 ^('^)^ = (1 + o(l)) Hpll ~ ^(p)^) ^- Furthermore, for all 
n < N log g such that p\n ^ p < we have r{n) ^ 1. 

Choosing a; = we have J2n<^ r{nY = (1 + o(l)) X]„ '"(^)^/ and so by Proposition 12.11 

A(iV, g) > (1 + 0(1)) V r(n) > (1 + o(l))vl/(iV, i^) > (1 + o(l))v^(iV, log g). 

^ iog2 q 

Choosing x = and setting A^' = log g, we have x r{nY = (l+o(l)) Xln ^(^)^' 



and so by Proposition 12.21 we have 



n<N log g 

It now follows as in [2J, ('Proof of Theorem 11', p. 394) that 

^ ^ ^ ^,j,fAT 1 ^ loglogg 
A(— ,g) > -^^(A^,logg) 



^ iV logf^ 

» \^ log log (J 

This completes the proof of Theorem II. 21 in the case log N < log2 q logJ^° q. 

3.2. Main case. Henceforth we assume that logj q logj^^° g < log = o{^/\ogq\og^). We 
are going to describe the analysis of A(A^, q) in detail. Afterwards we will sketch the 
necessary modifications in order to handle the dual case of A(-^, g). 

Throughout the treatment of A(A^, g) we fix x = Let e = e(g) > be a parameter 
tending to as g — )• oo and set M = (1 — e) log g. We let a = cr(A^, g), | + < a < 1 be 
another parameter which will eventually be the location of the relevant saddle point. We 
define completely multiplicative 'resonator' function ro-(n) by 

where < fa{x) < 1 is the unique continuous solution to the equations 



{i-UxYY \x) ' J, 1-Ux) 



13 



Note that the second equation implicitly defines the constant c<j. The following basic 
properties of the function may be established with a little calculus. 

Lemma 3.1. For each a G (|, 1), the function f„ satisfies the following properties. 

(1) /o- is smooth, decreasing, and a bijection (0, oo) — > (0, 1). 

(2) /.(x) < {^fY 



(4) The value ofc„ is 



r(i-^)r(f-i) 



In particular, c„ < I, c„ \ as a ^ I and c„ ~ (2(t — 1) as a | |. 
(5) The Mellin transform of f„ is 



2a r(| + f) ' 



which converges absolutely in < 3ft(s) < a. In particular 



2(1-0-) 



(6) The Mellin transform of gcr{x 
9{s)- 



IS 



g{x)x^~^dx = 

S i 

This integral converges absolutely in | < 3?(s) < 2a. 



.-i.^_4 r(i-^)re-i) 
r(f) 



Proof. The various integrals may be computed by substituting ^ = 
Lemma 3.2. Uniformly in ^ < a < 1 there is a constant c > such that 



df. □ 



Ul-a + it) 



< 



1-c 



1 

4 
1 

4' 



Proof. This follows on Taylor expanding /(s) about s = 1 — a. 



□ 



3.3. Bound of tail for sum of squares. Proof of part A of Theorem ll.2l We apply Lemma 
12. 3 1 with i/i = Vq = ^. Recall that we set a = ^ and that we assume a > ^ + j^^- 
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For e > log^gg / C fixed but sufficiently large, we have uniformly in | < cr < 1, 



< M(l + 0(exp(- v/b^))) < log ^ ^ 



log log q 

by shifting the contour into the standard zero-free region for zeta and passing the pole at 
1 of — ^. Thus the first condition of the lemma is satisfied. Meanwhile, 



2k2ka 



(log log 9)* 



1 _ f (P_\2 + 1 _ /■ (P_]2^ 

p<exp(log3 A/) " ^ ^ p>exp{log3 A/) - ^ ^ 



Substituting the lower bound [(3) of Lemma |3H for 1 — f^- in the first sum and the upper 
bound [(2) of Lemma l3Jl for f^- in the second sum proves that each sum is o(l), uniformly 
ina > 7; + r^— . This verifies the second condition of Lemma l23l It follows that 

= (1 + 0(1)) - r,{pYr\ q ^ 00, 

n<§ p 

uniformly for G [| + 1]. 

3.4. Saddle point asymptotics. Proof of part B of Theorem 11.21 We introduce the gener- 
ating Dirichlet series 



p 

Define its logarithm and logarithmic derivatives by 

0O,a(s) = \0gR^{s), (Pj,a{s) = (-1)^— 0o(s), j > 0. 

Explicitly, 

= Y log' p E (^) " ' ^ 0)- 

p n=l \ P / 

We prove the following proposition, which asymptotically evaluates ^„<jv ^ain). 
Proposition 3.3. Let ^ < a < 1 solve logN = (j)i^„{a). Then 

]YO-g(/>0,CT(o-) 



n<N 
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cr A/27r02,a(o-) 



In order to establish this proposition, we first require some bounds on Ra{s) away from 
the real axis. These are very similar to the bounds established in ||4J for ({s, y). 



(13) 



It will be convenient to work with the 'non-multiplicative' approximations 



n=l 



Our first lemma demonstrates that (f)j is in fact a strong approximation to (pj. 
Lemma 3.4. Let s = a + it. Uniformly in k + < a < 1 — r^— we have 

log^' M 



Proof. We have 



^ log-' p ^ 



TV 



n=2 

oo 



< 



< 



^ log^ p 



n- 



,--iii-/.(^ri + ii-/.(S) 



n=2 



^ log-' p 



p_ 

M 



oo A_l 



vn=2 



P 



n=2 



p 

M 



and the claimed bound follows on substituting the upper bound in (3) of Lemma |3X □ 

Our next lemma allows us to make explicit the relationship between and a by eval- 
uating 01,^ (a). 



Lemma 3.5. We have uniformly in \ + 

+ It) = Ui - a - it)M'-''~'' 



— < cr < 1, and \t\ < logo q 



^((T + It) + 0{M^-^ exp(-v/logM)) 



In particular, for o solving 01,^(0") = logA^, the bounds log2log3 g < logA^ < i/logg imply 
(l-a):$>'^and(a-^)->'^asq^ oo. 

Proof. It suffices to prove the corresponding result for (pi since the previous lemma implies 
that the resulting error is contained in the error term. To prove this lemma, write 

shift contours, and use the standard zero-free region. □ 

Lemma 3.6. Suppose that a varies with q in such a way that (1— a) logs q ^ oo, {2a— 1) logg q — > 
oo fls g — 7- oo. Then 
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Proof. Fix Y such that log y = log M + Then 



^ A{n)U{fj)\og^-\n) ^ ^ ^ AH/.(^)log^-i(n) 



Since fa{j^) < ('^^)'^ ^^1*^ logF > 2~T' ^^^^ negative term is bounded by 



— «log^r^(l-cr^ 



(2(7 - 1)Y^^ 

and this is o(0o,<7(o-))- In particular, 0o,<7(o-) > i^^i.^lo")- 



10. M \y «log^F^„M - 



Now choose Z so that log Z = log M - \/^-f^. Then 

f(T)>log-'Z 



A/' 



n°" log n 



Bounding /a < 1 and using log Z > j^, we have 



l-o- 



M 



l-cr 



n'^logn (l-(T)logZ (1 -a)logM 



l-cr 



o(0O,a(o"))- 



Thus 0j>(cr) ~j 0o,cr(<7) log-' M. But then applying Lemmas 13.41 and |331 0j>((t) 
for each J . 



□ 



Lemma 3.7. Let 0i,a(cr) = log A^. T/zen uniformly for N varying in the range log2 glogg g < 
log A^ < Vlogg we have 



0O,a(cr) - 0o,<7(cr + it) 



|t| < (logy)-i 

(logF)-i < |t| < M 



where log y = log M + • 



2(T-1 ■ 



Proo/. For all t we have 



(14) 



.(a + ^t)j = ^ ^H/-(m) (1 _ ,o,(,iogn)). 
I — ^ n'^ log n 



For |t| < (logF)"^ this is 



n>Y 



Y 



by bounding the tail as in the previous lemma. This is t^02(o") since (2a— 1) log M — oo. 
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For (logy)"^ < \t\ < M we have 



' n ' 



log y I ^ "uF ^ 

Since fa{l — a) ^ (1 — a)"^ we obtain 

l((t) min(^(j^,l) 



>- 



logZ 

by applying Lemma I3.2[ □ 



Proof of Proposition 13.31 Choose T = log A^log^ M, 6 = 1 — a and apply Lemma IZ5l and the 
second bound of Lemma l4!4l to deduce that 



V r{n) = iV-e'^«-('^) | " exp(^t log iV + <PoA^ + ^t) ' M^)) 



dt 



a + it 



3 log2 M 



+ 0(— — -==) + O e'--+^ log log iV 
log Ma/ log N 

Since </>2,<t(o") ~ log log M, these are genuine error terms. Now |</)3,<j(cr + ^^)| < 03,cr(<^) ~ 
log^ M log N holds for all t. Splitting the integral accordingly at |t| = log^^^^ M log~^/^ N, 
and |t| = r^^y with F as in Lemma we obtain the main term by Taylor expanding 0o 
on the interval around 0, and error terms in the remaining part of the integral. □ 

3.5. Comparison to smooth number asymptotics, proof of part C of Theorem ll.2l In this 
section we complete the proof of Theorem 11.21 in the case log2 q logg g < log < i/logg 
by comparing Yl,n<N ^(rin) to ^^(A^, K{a)M). via the following proposition. 

Proposition 3.8. Let K{a) he defined by k^^" = (1 — (t)/^(1 — cr). Let, as before, logN = (pi^^^a). 
We have 



log 



^{N,K{a)M) 



o 



\ogN 



{2a - 1) log^ M 



By Lemma |Z8l so long as \6\ < 1 and \6\ \og^ g — )■ oo as g — )■ oo, 

^(A^,e^/€(a)M) 6 hgN logiV 
°^ ^(iV,K((T)M) ^ log M log M °^ logM' 

Therefore, since 
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Proposition 13.81 establishes that there is some k' = {1 + o(1))k, for which A(N,q) > 
^(A^, k'M) = "^{N, (l+o(l))Klog g), which completes the proof of Theorem[L2]forA(iV,g). 
Therefore, it suffices to prove Proposition |3^ 

Recall that we defined ipj{s;y) = T.p<y^oS^~^ PYln=i n^-]pns ■ The following essential 
lemma allows us to establish the approximation 0j,cr((x) ~ nM), j = 1, 2. 

Lemma 3.9. We have, uniformly in \ + < a <1, 
(1) 

0i,.((t) - V^i(cr, kM) = 0(Mi-'^exp(-v/logM)). 

(2) 

^o,>)-^o(.,.M)^o( ^^^^Y)i:i-M ) 



A(n) log-' ^ n 



Proof. In analogy with (|T3|) we introduce 

n<KM 

In the range | + j^^^ < < 1 — j^;^, the uniform bound 



V^j(cr, kM) -i)j{a, kM) 



< Ma-'^ log^' M 



is straightforward to establish along the lines of Lemma |3.4[ Thus it suffices to prove the 
corresponding statements of this lemma for 0j o- and ^j. 



To prove the first statement, write 

0i,a(cr) - ^1(0^, = 



(I) 



u^) - - 



ds 



and note that the two poles, at s = 1 — a and at s = 0, are nullified by the difference. Shift 
contours. 



For the second, we have 



a) - tpoia, kM) = > h > 



n<KM 
1 

logM 



n>KM 



n" log n 



^ AH(/.(f)-l) ^ ^ A(n)/. 



n ' 



.n<KM 



n>KM 



+0 E 



A(n)|l-/„(iV 



\n<KM 



llog ^ n — log ""^ Ml 



+ E 



M' 



log ^ n — log ^ M 



-1 



\n>KM 
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The bracketed term is i^^[<Pi,cr{(^) — kM)] = 0(M^ " exp(— yiogM)), which is per- 
missible since 0i o-((t) ~ ?/'i(cr, kM) ~ ''^^?^a- -'^^ ^^^^^ error term, we use |1 — 

fa{§)\ < (^) ' forn < c^M, and bound trivially |1 - /^(f )| < 1 forn > c^M to 
obtain 

{c^My-'' I logc^l + 1 (kM)^-'^ I logKl + 1 
^ 1- f log^M ^ 1-a log^M 

In the second error term we bound faijj) ^ {^^Y obtain 



[kM) 



l-cr 



2a - 1 V K 



log k| + 1 



+ 



log^M (2(T - l)log^M_ 



Since {^Y is bounded as a | | and | logCcr|, | log/t| ^ 2^~i/ these errors are also 
permissible. □ 



We also need the following analogy of Lemma |3]6] for the i'j{cr, kM). 

Lemma 3.10. Assume that as q ^ oo, a satisfies | < cr < 1 and {a — |)logM — )■ oo, (1 
a) log M — )■ oo. Then 

^j{a, kM) r^j log-'' Mipoia, kM). 



Proof. Observe 



A{n) log-'"^ n {nMy-" log^'^ M 



n<K.M 



1 - a 



so that ipj (a, kM) r^j log' Mi/jq (a, kM) . The statement follows, since ipj (a, kM) ~ il)j{<J, kM) 
for all j. □ 



Proof of Proposition \3.8\ Define by log = V'i(cr, kM). Then 



log 



^{N, kM) 



< 



log 



log 



^(iV, kM) 
^(A^, kM) 



I + 11. 



We first consider /. By Proposition 13.31 applied to J2n<N ''^o-i''^) Theorem 12.41 

applied to '^{N^ kM) we have 



a(0i,^((T) - V^i(cr, kM)) + 0o,a(o^) - V^o(o^, /«^^) - 2 [log02,<7(o-) - log ^2(0-, kM)] 



-o(l). 



Since 02,0^(0^) ~ V'2(c, '^^) ~ log N log M, substituting the bounds of Lemma |3^ gives 



1 = 



(2(T - 1) log^ M 
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For //, let a solve (a, kM) = log so that, by Theorem IM] applied to both ^(iV, kM) 
and ^'(A^, kM), 

11 = alogN -alogN + tpo{a, kM) - tpo{a, kM) - J [log?/^2(cr, kM) - logV'2(a, /tM)] +o(l). 
Now by the Mean Value Theorem 

llogiV-logA^I = |V^i(a,KM) -^x{ol,kM)\ = \(y-oi\ ■V^2(7,/tM), 

\^Q{(y, kM) - ^o(a, = \a-a\- ^1(7', kM), 
for some 7, 7' between a and a. Moreover, log ~ log N so 

^/'2(7, kM) ~?/;2(a,KM) ^ ilj2{a, nM) ~logA^logM 

and therefore 

a - a « "^'V /\n a# « exp -VlogM . 
log A/ log M 

Combining these estimates, we find 

loe A^ 

// « a\ log AT - log ATI + \a-a\ log AT + o(l) = 0( -^===-), 

exp(-vlogM) 

completing the proof. □ 

3.6. Dual case A(-|:, g). In this section we take x = ^ = (i ^ ^ogq and define 

completely multiplicative function ra-{n) by 

A calculation that is exactly analogous to the one in Section l33l proves that for e tending 
sufficiently slowly to 0, 



n< — 

- N 



so that, by the second part of Proposition 12.21 

The evaluation of J2n<^ nrcr{n) by a Perron integral yields 

RJs) 



2 \ 2 ^^^s + 1' 

the only difference between this integral and the one evaluated in Proposition 13.31 is the 
factor of 2~'^ and the fact that ^ has been replaced by in the denominator. Exactly the 
same method as there yields, for a solving 0i,cr(cr) = log A^ — log 2, 

, , (A^/2)i+'^e<^«-('^) 
> nrJn) ~ =. 

^ (l + a)v/27r02,.M 

— 2 
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It then follows that for K'{a) solving k' = (1 — cr)/(l — a), 

A(|,g)»^vI;(iV,(l + o(l))«:'(a)M). 
Since M = (1 - o(l))if^, therefore 

A(|,g) » ^vl; U, Q + 0(1)^ ^{a)\ogq ] . 



4. Short sums to composite moduli. Proof of Theorem [L4] 

Throughout let M be minimal such that X]p<A/ 1°§P > ^^S 9/ arid define u = ^jj- Also, 
in this section x = When q is the product of many small distinct primes the behavior 
of A(A^, q) changes near where log = \ogl q. Informally this is explained by the fact that 
for < exp(log2 q), most numbers less than but having all prime factors larger than 
log q are composed of the same number of primed for larger N this is no longer the case. 



4.1. Case log = o(log2 q logg q). Let P > M, log P ~ log M be a parameter to be chosen, 
and let e = -j-^ for a fixed sufficiently large constant C. Set L = t-^tt-'ws- We define 

logjcj J t> logP (l+e)V2 

completely multiplicative r(n) by 



r{p) 



P <p<P^ 
otherwise 



Remark. Intuitively we can understand the parameter P as follows. In order to maximize 
^^^^r(n) we would like to have r{n) be non-zero for as my values n as possible, but 
we would also like its value to be as large as possible. By increasing the starting point 
P of the resonator we decrease the number of n for which r(n) is non-zero, but for the 
remaining n we increase the value of r{n). P will ultimately be chosen as a compromise 
between these two competing factors. 



4.1.1. Bound for tail of squares, Proof of part A ofTheorem \1.4\ We are going to apply Lemma 
prove E„<^ r{nf = (1 + o(l)) Thus ^ = ^ and a = 

We have 

V logp^^< - V 

P<p<p2 ^ p5 P<p<p2 ^ 

<(l + 0(log-^P))P- 



P2 - L2 log^ P 

< (1 + 0(log"^ M) - e + 0{e^))M 



'This number could be thought of as [u\ , but this is not quite accurate. 
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For e = with C sufficiently large, this is < log — logs ^ jj)' so that r{n) satisfies the 
first condition of the Lemma. Meanwhile, since r{p) < there is some fixed c > such 
that 

Yl Yl ^(P)^V" < P^e"''^ = o(l). 

P<P<P2 fclogp>i£glL 

Thus r(n) also satisfies the second condition of Lemma |23l 



n<N 



r(n] 



4.1.2. Evaluation of sum, Proof of part B ofTheorem llAl Before we evaluate the sum ^ 
we introduce two more parameters. Let cr(> |) be the location of the saddle point in the 
resulting Perron integral and set 



'M P 



l-cr 



u 



[l + e)V2 \ P crhgP' 



ultimately this will be chosen so that u u. The following Proposition characterizes 
our choice of P, u and cr; they are taken to by any simultaneous solution to the following 
system. 

Proposition 4.1. There exists a simultaneous solution P,u,ri = a log P to the system of equations 



a. E ^ 



1 



b. u 



V 



U ■ 



1+V 



« = Sf ■ iT^ + ^'/or some < a; < 
d. P > M, log P ~ log M. 



Moreover, any solution to this system has = (1 + o(l)) logM. 



Proof. Suppose b and c are satisfied. Then 



logiV 



log 7] 



77 + 1 ?7 + 1 log 

UJ < 



logP LlogM?7 + lJ 7] 7] logM 

so in fact, the first part of condition d is redundant. Recall u = 0(log^ M log log M). Com- 
bining a and b, 

2 



MP 



7] e 



^''2(1 + 



u- 



V 



l + V. 



M < r]e'^ log^ M logs M 



and so 1] > log M — 4 logs Thus b and c now imply log P ~ log M, so condition d may 
be completely discarded. Furthermore, this guarantees that at a solution r] ~ log M. 



A solution may now be found as follows: beginning from r] = rjo 
increase the value of r] while defining P = P(r]) by requiring 



logM - 4 logs M, 



u ■ 



V 

l + r]_ 



(MP)- 
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Clearly P(^) ^ oo as ^ oo and M ■ ^ 0. Since i^i^ > [uj^^\ , the proof of 
existence is completed by checking that x^^pi^^^ jumps by at most at discontinuities 



of the floor function. 



□ 



We need two specific consequences of Proposition 14. 1[ 



11. 



log Af u 

log P u log P 



gp 
e z + 



log u 



log"' P 

ogu ^ 



Note also that log P ~ log M and u u = 0(log^ M logg M) implies a = 1 — o(l). 

For the above choice of P we are going to give the following evaluation for X]n<Af '"(^) 
Proposition 4.2. We have 



5^r(n)>(l + o(l))^, 



n<Ar 



2nau 



M — )■ OO. 



Before proceeding to the proof we introduce the generating function 

R{s) = llil-rip)p-T' 



and its logarithm 



1 / 

hgR{s) = Ms) = Y.Y.-i 

p n=l ^ 



1 [rip) 



ps 



and record several simple properties. 

Lemma 4.3. Let s = a + it. Uniformly m | < a < 1 and \t\ < M, 

Ms) = ^ + 0(exp(- Vl^))| = u^— + 0(1). 



Proof. This follows from the Prime Number Theorem. 
Lemma 4.4. Let ^ < a < 1 and set r = 10 (^) ^ . 

(1) 



3fJ 



1 - 



P 



1 + 



^ Itl < i 

> <! 1' > ? 

20 ^ 2 



(2) Fort = to + J G Z, IjI < and ^ < \to\ < ^ wehave 



1 - 



IT 



> 



tglog'P 
20 



□ 
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Proof of Proposition \4.2\ Applying Lemma |Z5l with T = v? we find 



n<N 



r(n] 



27ra 



exp {itlogN + (j)Q{a + it) - (j)o{(j)) 



dt 



1 + 



+ 0(m"^/2) + sup \exp{(j)o{cr + it) - (poi(r))\ log u 

\^<\t\<u^ 

On this range. Lemma l43l gives 0o(cr + it) = uj-^ + o(l), and so the bound of Lemma l4!4l 

gives that the second error term is 0{e^^^ log m), so that both errors are permissible. The 
main integral is thus 



exp ( it log N + u 



P- 



1 + 



[l + o{l))dt + 



exp(-u^)rft 



Again the error is permissible. Partitioning the integral into short intervals we obtain 



E 



log P 2 ' 



|j| ^ TlogP " log p \J 2> 



exp it log N + u 



p—it 
1 + ^ 



;i + o(i))rft 



E 



b1<^ logP 



logP 



E 



exp log 
logA^ 



27rj 
logP 



to + « 



^ito log P 



1 + 



i / 27ri 



cr y log P 



logP 



.logA^ 
logP 



+ to 



-ito 



1 + 



i(27rj+fo) 



(1 + O(l))dto 

'l + o{l))dto 



'\to\<WOT 

with an error of o{u^^) from truncating the integral (apply Lemma l434l (2)). 
We Taylor expand the inner bracket as 



i(27rj+to) f27rj+to 



alogP \ crlogP 



-itt) — i- 



2tx j+tQ tl ^ f2nj+to\ f2nj + t 



(xlogP 2 



crlogP 



^0 



crlogP 



0(r' 



+ 0{t') 



The conditions (i) and (ii) on P, cr, u have been specifically made so that the linear os- 
cillatory phases in both the sum and the integral are now o(l) throughout the range of 
integration. Thus we obtain 



1 + 0(1) 
logP 



E 



e "l<Tiogpj 



lil<- 



g "(*o(2 <Tlogp) *0 ( <T togP + tog P)2 ) ) ^^1^ _ 



|to|<100r 



Estimating the integral, completing the sum to an infinite one, and then applying Poisson 
summation yields that this is > 

□ 
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4.1.3. Evaluation of saddle point asymptotics, Proof of part C ofTheorem \1.4\ Recall the nota- 
tion u = u' = -r—u, and that we set m = I u' I . 

To prove the first part of Theorem 2 it only remains to estimate . From Proposition 
I4.1l we have [recall rj = a log P] 



P 



M 



log 7] 



\0gP\Pj (1+6)^2 logP 1 + 7] 



+ w 



with < w < Put (5 = 1 - a. Then 



5 log P = -(log P - log M) + log((l + e)V2) + log(l - 5) + log log N + log + 0(log-^ A^) 

2 7] + 1 

from which it follows 

51ogiV < o(l) + 

Write 





log 


M\ 


ilogiV 










rPj 



+ (log2Ar + log((l + e 



logM _ hgN logM _^iu-uj) _ lu'\ 
logP logP logiV u u' 



0{\og-'N) 



Furthermore, 



logA^ 
logP 

Putting this together we deduce 



< (l + 0(log~^M))lI. 



N2+-;z- 



(logiV)KJ Vv^+o(l) 
which proves the Theorem for small A^. 



lu'\ 



4.2. Case log logj q logg q. Recall that we set M to be minimal such that X]p<M ^ogp > 
log q, and that we choose x = 

Let cr > I + be a parameter and define completely multiplicative function r^{7i) by 



\ 0, otherwise ' ^ ^ V 2a 

where e = for a sufficiently large constant C. 

4.2.1. Bound for tail of squares, Proof of part A ofTheorem \1.4\ As we have previously, we set 
y = j^, a = log"^ y \ogl y and apply seek to apply Lemma |Z3| 

For e = jjp— with C sufficiently large. 



^ l°S/>^^^<(l-e)(2a-l) Y: ^<logy(l-log,-^y), 



— T ( jO)^ ^ 
M<p<M^ M<p<AP ^ 



26 



so that the first condition of the lemma is satisfied. Meanwhile, for some constant c > 0, 

E E /(P)'>"" « M'e'^^y = 0(1), 

M<p<AP n> ^°sv 



log p log* y 



SO that the second condition is also satisfied. Thus Lemma |23] gives (uniformly in a) that 

5^r.(nf = (l + o(l))5^r.(n)2 

n<§ n 

sothatA(iV,g) > (1 + o(l)) E„<7v^<xW- 

4.2.2. Asymptotic analysis of sum, Proof of part B of Theorem \1.4\ Introduce the generating 
function 

R{s) = R^{s) = l[{l-r^{p)p-T' 

p 

and its logarithm and derivatives 

Ms) = iogi?(s), Ms) = (-ly—Mj), J > 0. 

We prove the following evaluation of X/n<Af ^ cr(^)- 

Proposition 4.5. Let N satisfy logl q logg q <^logN < y/logq log^^ q and define a (f)i [a) = 
log A^. We have 

iV-exp(0o(a)) 



n<N 



n) ~ . 

a^y2n(f)2{(^) 



In order to prove this Proposition by the saddle point method we need the following 
estimates. 

Lemma 4.6. Let a satisfy 2a — 1 > ■ Then uniformly in a, 

(1) M^) = (1 + O(M-i)) Em<,<m^ 

(2) 0,(a) = (l + o(l))log^M0o(a) 

(3) \M^ + tt)\<Mcr) 

(4) For \t\ < 

(5) For j^<\t\< M, 
o(o-) - 0o(cr + it)] > 0o(o-) min ' 



,(2a-l)2' 

Proof. The first three items are straightforward. For (4) note 

^[U^)-U^ + tt)]> Yl ^(i-cos(tiogp))»t^ Yl "-^^^^^:$>t 

M<P<AP ^ M<p<AP ^ 



2 „, 

'-2(a). 



Note that the function 0i itself implicitly depends upon the parameter a through Rais) 
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For (5), write 

^Ua)-<i)^{a + it)] > 



> 



> 



X 


2 log 


M 


A 




2 log 


M 


A 




2 log 


M 



3? 



3? 



E 

M<p<M'^ 

E 



A(n) 



n 



2a 



'1 — n 



A/<n<M2 



2a -1 2a -1 



2o- - 1 + it 2a -1 + it 



Now the bracket is 



+ O(0i(a) exp(-v/logM)) 



> <; 1 



it 
2a-l 



2a -1 ]' 1 - 1 + 

from which we deduce that the above is 

> -Llll^ <! ^ + 0(M^-2<x) ^ 0(exp(-v/logM/2)) 



21ogM 1^ 3(2(T- 1^ 



> </)o(o") min 



(2a - 1) 



2 ' y ' 



21ogM 



□ 



Proof of Proposition 14.51 Apply Lemma |Z5] with T = log log^ M and 5 = 2(j — 1 to obtain 

^ iV-exp(0o(a)) / 1 



n<Ar 



dt 

exp{it\ogN + 4)o{a + it) -00(0^))^^ 



+ 0(log^ ATlog-^ M)+0 (log2 gexp(-c0o(cT))|. 
Since (j)o{a) ~ while 02 (o") ~ log log M, both error terms are permissible. 

1 12 

Split the remaining integral at \t\ = 03(cr)3 ~ logs A^logs M and at \t\ 



2 log M ■ 



In the 



interval near t = 0, Taylor expand 0o(<^ + to obtain the main term of size (27r02(o"))~^- 
For 03 (a) 5 < |t| < use the bound (4) of the previous lemma to obtain an error term. 

On the remaining interval 2\ogM < I'^l < 2^~T the bound (5); for log > C logg q log^ q 
for a sufficiently large fixed constant C this also produces an error term. □ 



4.2.3. Analysis of implicit parameters, Proof of part C ofTheorem \1.4\ By hypothesis, 0i(cr) = 
logA^. By Lemma l4!6l we have 0o(cr) ~ and 02(cr) ~ logA^loggg so it remains to 
determine the quantity A^"^. Again by Lemma |4l6l 

>,(a) = (l + 0(M-^))A J2 '''' - - ^"'^ 



i^ = (l + 0(log-^M)) 



^2a{2a - 1) 
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Set A= {2a- 1) log M. Then A satisfies 



2(T loe^ 2(Tr2 



where we have set logA^ = riVlogglogn q with r < , ^ Hence A = — log(2cr) + 
2 log r^^ — log log — log 2 + o(l) and therefore 

iV"" = a/ZV exp log r^^ — — log log r^^ — m log 2 — -n log a + u + o(n)^ . 

Since e'^°^'^^ = e"+°(") we obtain the final asymptotic 

A{N,q) > N^exp |^M(logr"^ - ^loglogr"^ - log 2- i log (x + o(l))^ . 

Set log = (logg)^"'^', | < a' < 1. Then we have r"^ = log'^'~2 glogg q and so logr"^ = 
{a' - i) log2 g + I logg q and loga r"^ = logg q + \og{a' - ^~). In particular, a = a' + o(l). 
Thus 

A(iV, g) > iV^' exp (^-u (^log 2 - 1 + ^ log(a' - ^) + ^ log a' + o(l)^ ^ 
AT / e + o(l) 



(log AT)" \^2{2a' - 

5. The range log log A^ ~ | log log q, Proof of Theorem [T75] 

In this section we set log N = t log^ q log| g. We assume that r"^ < log^^^^ q and we may 
assume r <^ logg g since the case of larger r is contained in Theorem 11.61 We handle the 
main case A(A^, q) and the dual case A{-^,q) (q prime) simultaneously In the first place 

we put X = and in the dual case we choose x = y^log"^ q. 



In either case, set A = log 2 xlog^ x and define completely multiplicative function r(n) 
by 

-j^ \^<p< exp(log' A) 
r[pj = <^ logp 

otherwise 



5.1. Bound for tail of sum of squares. Proof of part A of Theorem ll.Si We apply Lemma 

X 



|Z3]withyi = ^.Recalla = ^ 



A2 <p<cxp(log^ A) A2 <p<exp(log'^ A) 



< (1 + 0(log^ q))X' [{2 log A)-i - log-2 A] 

< logx - (1 - 0(1))- 



lOg X logg X 



log^x 
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Since log = 0(\og^^^ x), the first condition in Lemma |23] is satisfied. 
Meanwhile, for some c > 0, 



log y 



^(P)^V' < exp(log2 A) (log A) = o(l) 



A2<p<exp(log2 A) k> % 

log p log| y 

SO that the second condition is also satisfied. Thus by Lemma l23l 

\2 



Yr{nf = {l + o{l))Yr{nf 
and therefore 

A(iV, g) > (1 + 0(1)) Y ^(^)' ^(|' ^) » ^ E ^^H- 



5.2. Saddle point asymptotics. Proof of part B of Theorem 11.51 Define for 9fJ(s) > 0, 

R{s) = Yip ~ ^^'^ logarithm and derivatives 



Ms) = \ogR{s), Ms) = {-ly—Ms). 



We have the following asymptotic expansions of Xln<Ar '^('^)' Z^n 



<N 



nrin] 



Proposition 5.1. Let a > Obe the unique solution to 0i (a) = log A^. We have 

> rin) ~ , > nr(n) ~ , 

„^ av/2;^0^ „^ (l + a)v/2^^ 



The proof of Proposition 14.51 is easily adapted to this case, so we simply record the 
necessary estimates. 

Lemma 5.2. Uniformly m | < cr < | We have the following estimates regarding the functions 



(1) |03(a + zt)| <03(a) 

(2) 02 (cr) < log AT log' A 

(3) For\t\< log"' A, 

3fJ[(/)o(a) -0o(c^ + ^t)] >t'02((T). 

(4) for log"' A < |t| < A, 

3?[0o((^) - 0o(c^ + it)] > min(t', l)Ai 
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Proof. The first three items are straightforward, so we show the proof of (4). We have 



3fJ[0o(a)-0o(^ + ^t)] > Yl 



X 



> 5J 



A2<p<exp(log2 A) 

A 



[1 — cos(t log^ 



3 log A 



2A ^ 

A2<p<A3 



> 



A^ 





1 


-1" 


1 - 


- + it 






5 





> A2 min(t^l). 



□ 



We point out one simple consequence of Proposition 15.11 
Corollary 5.3. We have 

nr{n) x nr[n). 



n<N 



Proof. Let cr' solve (j)i {a') = log — log 2. It evidently suffices to check that </)o (cr) — </)o [cr') 
0(1). But by the Mean Value Theorem, 

for some 7 G [(x, a'] and 

ii(a)-0i((T') log 2 



O" — O" 



Ml') Ml') 

for some 7' G [a, a']. The claim now follows because 02(7') > M'^') ^ ^il*^') ~ 0i(7) ~ 
log iV. □ 



5.3. Evaluation of parameters. Proof of part C of Theorem 11.51 By (2) of Lemma 15.21 
02 (cr) = log*^*^^^ q, and therefore Proposition 15.11 and its Corollary imply that for a > 
solving (pi (cr) = log we have 

A{N,q)=N'^exp{M^) + 0(\og,q)) 

and for q prime, 

A(^, q) » exp (M^) + 0(log2 q)) . 

The error term will be negligible, so it suffices to determine A^'^ and (poi^r)- 

We first show that for N such that a < ^ 



2 ' logjgloglg' 



(15) 



A{N,q) > VNexp (l + o(l)), 



logg 
log2g 



(g prime). 
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Note that f or a = ^ + 

logA^ = 0i(cr) X A V ^ ^, , -2 > Vlog g log2 9 log4 ^ 

A2<p<exp(log^ A) 

SO that r ^ log4 q. Since — )■ and Ar' — )■ 1 as r — )■ oo, the bounds (|T5|) verify the 
theorem in this range. 

When cr < |, since log = (f)i{cr) ^ ^/log g log2 q logg g and (/)2(«) is decreasing in a > 
we have 

1 ^log g log2 q logg g 

i-'^-^ — W) — ■ 

Meanwhile 

02 - > > > A log A. 

/ p 

A2<p<exp(log^ A) 

It follows that 1 — a ^ and therefore 

2 log| g 



--a) logA^< J- . 

2 loga g Y log2 X 

Meanwhile, 



logx 



2 A^<,<t5iog^A)^^°SP 21ogA pog.x 

Combining these estimates we obtain (|T5l) for the case cr < i. 

In the range | < o- < | + logg ^ g logg ^ g we have 0o(|) - 0o(o") < (o" - |)0i(|)- Now 

5^ i = 0(Alog2A) 



P 

A2<p<exp(log^ A) 



and therefore 



I A\ i / N 1 / log a; 
2 logg g V log2 a; 



Thus we also have (TlSb for a < ^ + -, \ ^ . 

2 log2 q logg q 

We now consider the case logj ^ g logg ^ g < a — ^ < log2 ^ g logg g. In this range we have 

logiV = 0i(a) = (l + O(A-i))A Yl -J^- 

A2<p<exp(log^ A) ^ 

By the prime number theorem and partial summation, this is 

(1 + 0(exp(-v^))) / e-^— = (1 + 0(exp(-v^)))A / e"^-. 

^2(cr-|)logA ^ J(2cr-l)logA ^ 
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Since r ~ in the case of A(A^, q) and r ~ in the dual case of A(y, q), the range 

log2 ^ q log3 ^ g < cr — I < loga"^ g logg q corresponds to r within the range e"'^'^'"^^ '^^ < r <^ 
log4 q, so the range of a considered is sufficient for the theorem. 

Let A solve M = e'^f and let A' = (2a - 1) log A. It is readily seen that \A-A'\< 
exp(— ii/log A) and therefore 

a log AT = 1 log AT + + 0(log AT exp(-^ v/k^)). 

2 2 log A 2 

Meanwhile, applying the prime number theorem a second time 

1+ 

A2<p<exp(log^ A) 

and after a change of variables, this is 

1_ ("^ _^dx 1., _^dx 

h{a-\)\ogX 



1 f 

(a) = (l + o(l))A 5^ ^— ^ = (l + o(l))A / . 

„ ,,,»2^ iog» J210KA y 



{l + o{ma--)Xl e-^- = (l + o(l))(a--)A / , 



Since A = {1 + o{l)){a — |)21ogA and recalling that we set r' = e we obtain 



' 2 log A • 

Thus 



and therefore, 

logg 



A(A^,g) > VA^exp (1 + 0(1)) A{t + t') 



log log q 



A(|. ,) » y|exp (1 + 0(1)) ^4 (. + ^) . (, prime). 



6. Long character sums. Theorem [TT61 

When log > 4A/logglog2glog3 q we use a 'second moment' version of the resonance 
method, which avoids saddle point analysis. The situation now becomes similar to that 
in the original paper IZJ. 

The second moment version of the Fundamental Proposition is as follows. 

Proposition 6.1 (Fundamental Proposition, second moment version). Let log^ q < N < q 
and set X = Let r{n) he a non-negative multiplicative function supported on squarefree n and 
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such that p\q =^ r{p) = 0. Then for any parameter z < ^^^^ ive have 



Q J a maxfrii, 77,2) 

ni,n2<2 ^ 
(ni,n2)=l 



9< 



max(n]^ ,^2 ) 

(g,nin2)=l 



Moreoz;er, /ei M be minimal such that Yl,p<M^'^^P > logQ'- 7"^^ conclusion remains valid if the 
condition p\q ^ r{p) = is replaced with p < M ^ r{p) = 0. 



Proof. Define 'resonator' R{x) = } Z]n<x Plainly 



(16) 



n<Af 



By orthogonality of characters, the denominator is X]n<a;^(^)^ — W.Jk^ + ^(p)^)- Mean- 
while, the numerator is 



E r(mi)r(m2) ^ -|^(Xo 



mi ,m2<a; 



ni ,n2<N 
(nin2,q)=l 
mini=m2n2 



n<Ar 



By Cauchy-Schwartz, \R{xo)\^ < 0f^Em<x^M^ and since > log^g, E„<7vXo(^) ~ 
^^N. Therefore the negative term contributes OiJ^N) to the ratio (|T6|) . In the main 
term, let g = (mi, m2), /i = (rii, 712) and replace nii := ^ to obtain 

E r(mi)r(m2) ^ ^(^)^ E 



mi ,m2<x 
(mi,m2)=l 



g< 



(g,mim2)=l 



{/i,g)=l 



Discarding some non-negative terms, this is 

> ^Mat ^ r(mi)r(m2) 



q 



max mi,m2 

mi,m2<2 ^ ^' g< 



(mi,m2)=l 



max(m| ) 

(3,mim2)=l 



which proves the first part of the Proposition. 



For the second statement, let r be any non-negative multiplicative function supported 
on squarefree numbers and satisfying p < M ^ r{p) = 0. Enumerate {gi, g^} the set of 
primes greater than M that divide q, and {pi, ■■■,Ps} the set of primes at most M that do 
not divide q. Then s > r so we may define a new multiplicative function f, supported on 
squarefrees and satisfying p\q =^ f(p) = 0, by exchanging the values of r{pi) and r(gj) for 
1 < i < r. Evidently 
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and also, for any z, 



^ max(mi, 777.2) max(777i, 7772) ^ ' 

mi,m2<z q< ;-2 r- mi,m2<z Q< 



(mi,m2)=l / \ 1 (mi,m2)=l / \ i 

^ '-' {g,mim2)=l ^ ^' {g,mim2)=l 

which reduces the second statement in the Proposition to the first case. □ 



In the case q is prime we also have a dual version of the Second Moment Propostion. 
Recall that we set 

Six)- E H^y^logq, 
\h\<H,hj^O 



and from Polya's Fourier expansion. 



n<N 



also = 1 =^ S{x) = so that, in particular, S{xo) — 0. 

Proposition 6.2 (Fundamental Proposition, dual second moment version). Let q be prime, 
N < r^^^ and set x = 21^ \/^- ^(^) ^ multiplicative function supported on squarefree 
numbers not divisible by q. Then 

x^xo N f^. . ^, max(r77i,r772)=^ ^ / \^ 

mi,m2<mm(a;,^) 9^max(mi,m2) P 

(mi,m2)=l (g,mim2)=l 



Proo/. Seti?(x) = -y= ErrKx'^Mxl"^)- Plainly 



sup \s{x)\' > J2 \ms{x)? i^wr 

Xt^XO ^ ' X 

The denominator is bounded by YYpi^ + r{pY) while the numerator is equal to 

V- , w , (l-c(t))(l-c(t)) 
> r(r77i)r(r772) > — ■ 

^-^ ^-^ 77i772 

m\,m2<x 0^|r!,i|,|n2|<i? 

min2=m2ni mod q 
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The congruence modulo q is possible only if ni and n2 have the sign. Discarding those 
(positive) terms with max(rii, 722) > the numerator is 



r(mi)r(m2) 



2 ' 



ni?T,2 



mi,m2<3; 0<ni,n2<-|- 
nim2=n2'Tti 



mi,m2<x' q< j-^ ^ /,< K 

{mum2) = l y-maxCmi ^2) 2 max(,ni ..nj ) 

^ ^ (g,mim2)=l 

1 \ - r(mi)r(m2)mim2 \ - , .3 

> — > 7 — > rf^f) . 

JS ^-^ max(mi, 7712)'^ 

mi,m2<min(a;,^) 9<max{mi,m2) 

(mi,m2)=l (g,mim2)=l 



□ 



6.1. Choice of resonator, and some lemmas. Let either a; = in the main case of A(A^, q) 
or X = 21^ dual case of A(^, g). In either case, set A = Vlog x log log x and as 

in IZl, define multiplicative function r{n) at prime powers by 



A 



otherwise 



<p < exp((logA)' 



r{p) = 
rip"") = 0, n>2. 
We also define multiplicative function t by — '^'^^ ^ 



l+r(p")2 



The following two estimates are extrapolated from those used in the proof of IZl Theo- 
rem 2.1. 

Lemma 6.3. Assume z > exp(3A log log A). As x ^ 00 we have 
Also, for a = ^^, 

32 log X 



mi,m2<z V""!""^; 
(mi,m2)=l 



(18) <exp -(l + o(l)) 



(log logx)^/ 

Proof. First ((T7|): By 'Rankin's trick', for any a > the sum is 

n(-S)-(-nO.|l)). 



p 
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The main term is of the desired size ([Z!], top of page 6) so it suffices to bound the error. 

1 

(logA)a 



Choose OL = ■ Then the ratio of the error term to the main term is 



and since alogp < for all p with t{p) ^ 0, this last is bounded by 
Now (|T8|) : By our calculation for (|T7|) , the denominator of (|T8)) is 

(i+-w)n(i+^)n(i+-(^)')- 

Meanwhile, the double sum in the numerator is bounded by 



< 



mi,r?i2<z 
(mi,m2)=l 



Therefore the ratio in (|T8|) is bounded by 



1 + t(p)p^+" V TT + ^(P) V 

\2~ 



n ^ ^^^^ n - 



<^ exp I —aiogx + 2a y, 'p /, ^(P) logp 

A2<p<exp((log A)2) A2<p<oxp((logA)2) 



Substituting the definition of r{p) and a, and using the prime number theorem, the last 

^^(i+o(: 
logS A 



expression is bounded by exp ( ^ .''^fx^^^ ) • D 



We record one more elementary estimate. 
Lemma 6.4. Uniformly in y > 1 and for any k > 0, 

(19) E = 1+0(1). 

(d,fc)=l 

Proof The sum is 

X^<d<y \ d>A2 ^ ^ ^ 

(d,fc)=l 



□ 



37 



Combining the above two lemmas we obtain our basic estimate. 
Lemma 6.5. Uniformly in z > 1, 

(\ 2 
X ^ t(m) 
^/m 

{mi,m2)=l 

In particular, for log z > 3X log log A we have 



^ t{mi)t{m2)mim2 f, ^ \ 

V 7 r^>exp (l + o(l))- - 

^ — ^ max[mi,m2) \ log A/ 



mi ,m2<2 
(mi,m2)=l 



Proof. The left hand side is equal to 
(20) 

t{mi)t{m2)mim2 t{mi)t{m2)rriim2 sr-^ iJi{d)t{df 

mi,m2<z d| (mi ,7712) mi,m2<2; d< j-^ r 

— I V -L ! '^J -L ' ^ — — max{mi,m2) 

{d,mim2)=l 

(21) =(i+o(i)) y 



by (|T9|) of Lemma [6!4l This last sum is 



max(777i, 7712) 

mi,m2<2 



2 . .2 



> 



tim) 



y y tM\ >J_ y 

^ \ ^ Jm / ~ log z \ ^ 

0</c<log. \-^<m<^ V y & V 

by Cauchy-Schwartz. □ 



6.2. Proof of Theorem 11.61 Recall that we set either x = for A(A^, g), or a; 



. , yy, .X, 21ogg 



for A(-^, g) (g prime) and in either case A = A/log x log2 x. Note that in the case of A(A^, q), 

the condition < gexp ^— ^j"^^ j guarantees A^ > 21ogg; in particular if M is minimal 

such that ^p<MlogP > l^SQ' Proposition 16. 1[ then the function r is supported on 
primes greater than 2 log g > M so that r satisfies the conditions of that Proposition. 



Let z = min(A^, x) 5 . Since we assume log > 4A/logglog2 glogg g this guarantees that 
> exp(3Alog2A). By Pr 
follow from the estimate 



z > exp(3A log2 A). By Propositions 16.11 and I6.2[ both the bound for A(A^, g) and A(-^, g) 



(ni,n2) = l «-max(ni.„2) 

{g,nin2)=l 
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Applying Rankin's trick to the sum over g with a = (logx)^ obtain the desired main 
term of 

E » fE > f(i + oil)) A 

^-^ max mi, mo ioe,z \ ^-^ Jm / \ losrA 

mi,m2<z \ I J i-> \m<z / 

(mi,m,2)=l 

with an error term of 



1 



n(i+r(pfi) ^ '•'""^'''7"'""";' E --wv 

' ^-^ max(mi,m2) 

mi,m2<z {g,miin2)=l 
(mi,m2)=l 

By Lemmas 16.31 and I6.5[ the ratio of this error term to the main term is bounded by log 2 
times the expression in ([18]) , and thus this ratio is o(l). 
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